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FOURIER SERIES OPERATING PACKAGE

by

Milton L. Charnow

Goddard Space Flight Center

SUMMARY

This report presents a computer program for multiplying,
adding, differentiating, in t e g rat in g, "barring" and scalarly
multiplying "literal" Fourier series as such, and for extracting
the coefficients of specified terms.
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FOURIER SERIES OPERATING PACKAGE

by

Milton L. Charnow
Goddard Space Flight Center

INTRODUCTION

The Hansen Satellite Theory as modified by Musen 1 involves various manipulations

of "literal" Fourier series, as such, before final numerical evaluation. To program this

formulation it is necessary to represent cosines, sines, and constants in a special man-

ner and thus manipulate the various Fourier series.

SPECIAL REPRESENTATION OF A SINE, COSINE,
OR CONSTANT

It was decided to represent any term, including the constant term, of the Fourier

series we are concerned with by two consecutive eight-place floating-point words. The

terms of this series have the general form

An cos (iF+jE+kW+U)

or

An sin (iF + jE + kW + 1U)

and the values of F, E, W, and U are not used until final numerical evaluation. The first

eight-place floating-point word represents the coefficient An in an entirely standard man-
ner. The second eight-place floating-point word represents the sine or cosine term of up

to four arguments in an artificial manner.

1 Musen, P., "A Modified Hansen's Theory as Applied to the Motion of Artificial Satel-
lites," NASA Technical Note D-492, November 1960.
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Consider a term such as An cos (iF + jE + kW + IU). Until this term is evaluated we

are concerned only with the values of An, i, j, k, and 1. The coefficient An is represented
by the first of the two eight-digit floating-point words. The four coefficients of the argu-

ments (i, j, k, and 1) are each represented by two digits of the second eight-place floating-

point word. The first two digits represent i and are normalized to 00; the next three pairs c

of digits represent j, k, and 1, and are normalized to 50. Thus, the value 6f i may vary -

from 0 to 99, while j, k, and 1 may vary from -49 to +49. A cosine is denoted by a plus

sign; a sine by a minus sign, that is, 1 cos (OF + OE + OW + OU) or cos (0) becomes
+10000000 + 01, +00505050 + 08. Any constant term can be represented as An cos (0). A

few additional examples will be helpful (see also Appendix A):

Conventional Special

1/4 cos (iF + 2E - 3W - 2U) 25000000 + 00, +01524748 + 08

1/4 sin (OF + 1E - OW + 2U) 25000000 + 00, -00515052 + 08

1/4 25000000 + 00, +00505050 + 08

0 00000000 + 00, +00505050 + 08

The convention of having the first non-zero coefficient of the argument word positive was

adopted. Cos(-x) becomes cos(x) and sin(-x) becomes -sin(x). Examples are:

(1/2) cos (OF - 3E + 1W + OU) becomes (1/2) cos (OF + 3E - 1W + OU)

and the special representation is 50000000 + 00, + 00534950 + 08

(1/2) sin (OF - 3E + 1W + OU) becomes -(1/2) sin (OF + 3E - 1W + OU)

and the special representation is -50000000 + 00 - 0053495J + 08.

The first location address of a series contains the number of terms of the series.

A series of n terms would be represented by 2n + 1 words, the first of which would be

the number n.

THE FOURIER OPERATING PACKAGE

The following series operations are performed by the Fourier Operating Package:

* Multiplication

* Addition and Subtraction
* Differentiation

* Integration
* Bar (Special operation used in the Hansen satellite theory)

* Scalar Multiplication

* Coefficient Extraction

" Series Evaluation
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Multiplication

Multiplication of two series, where the terms are of the general form described
earlier and the values of F, E, W, and U are not used until the final numerical evalua-

CO tion, is according to the conventional trigonometric identities:
0 A cos X'B cos Y (AB/2) cos (X+Y) + (AB/2) cos (X-Y)A cos X'B sin Y (AB/2) sin (X+Y) - (AB/2) sin (X-Y)

A sin X.B cos Y (AB/2) sin (X+Y) + (AB/2) sin (X-Y)
A sin X'B sin Y = (AB/2) cos (X+Y) + (AB/2) cos (X-Y).

The Fourier Multiplication routine is composed of three major sections: the multiplier,
the collapser, and the arranger.

The Multiplier

Two Fourier series such as

A1A 1 + A2 A 2 + A3A 3 +. +AnAn (Series A)
and

B1B1 + B2 B2 + B3 B3 +" + BmBm (Series B)

which are to be multiplied are arranged in descending order of the absolute values of the
coefficients, that is,

All> IA 2l> :A 3 >...>1 AnI and IB 11> B2 1> IB 3 1>... > IBm I

To facilitate further discussion, we shall denote any term in the A series AxAJ,

any term in the B series as By and any term in the resultant series by zCz , where
Ax, By and Cz are the coefficient words and Ax, By, and Cz are the argument words.

The multiplication of the A series by the B series proceeds as follows: The first
term in the A series is multiplied by each term in the B series, then the second term in
the A series is multiplied by each term in the B series, and so on until each term in the
A series has been multiplied by each term in the B series. For examplej AxB is compared

with some numerical criterion e. If AxBy > e, then CzC z and C(z + 1) Cz + 1) are gen-
erated according to the trigonometric formulas ali eady stated. If I AxByJ < e, then the
value of y is examined. If y > 1 (i.e., By is any term other than the first term), Ax is
replaced by A(x + 1) and A(x + 1) is multiplied by B1 . If y = 1, the multiplication of the
two series is terminated since any further A(x + 1) By will also be less than e. The mul-
tiplication process continues until Ana has been multiplied by BmBn unless the
numerical criterion or space limitations intervene.
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The Collapser

Every multiplication generates two terms of two words each. The purpose of the.
collapser is to combine like argument terms. Each argument term Cz is compared with,

each other argument term previously generated and stored. If Cz equals any other "
argument term, the corresponding coefficient terms are added. Thus, there is no dupli-

cation of terms,

The Arranger

The final step in the multiplication is the arranging of the terms of the series.
C1  is compared with I C2 1, IC3 1, etc. If Cz > IC1 , then Cl is replaced by Cz and

C, is replaced by C:. The process continues until the terms are arranged, in descending
order, according to the absolute value of the coefficients.

Addition and Subtraction

Addition or subtraction of two Fourier series is primarily a process of com-

paring argument terms and adding the coefficients of like terms. A* is compared suc-

cessively with B* through Lm, A* with B* through B*, etc., until A* has been compared
with B m . If A* = BY* the sum of the coefficients (Ax + By) and the argument term A* are

stored, and By and By are replaced by zeros If A* does not equal any By, both Ax and
A* are stored. After all terms in the A series have been compared with all terms in the Atx
B series, the remaining B series terms are stored.

Subtraction is accomplished in like manner after changing the signs of each coeffi-
cient term in the B series. The resultant series in each case is processed through the

arranger.

Differentiation

Differentiation, in this application, is with respect to the F variable. Thus,

(--)A sin (iF + jE + kW + 1U)= iAcos (iF +jE +kW + 1U).

Example:

(') sin (3F + 2E - 3W + U)= +3 cos (3F + 2E - 3W + U)
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and

()[10000000 + 01, - 03524751 + 08 becomes +30000000 + 01, +03524751 + 08.

On completion of the differentiation, the resultant series is processed thru the

arranger.
CoI.-

Integration

Integration, in this application, is with respect to E. However, W is also a func-

tion of E. Thus,
r AJAcos (iF+jE+kW+ 1U)dE- clJ +c2k sin (iF+jE +kW+ 1U).

Example:

With c1 = 1 and c2 = 1,

f[30000000 + 01, + 01525250 + O8IdE becomes 75000000 + 00, -01525250 + 08.

The resultant integrated series is also processed through the arranger.

Bar Operation

The bar operation is a special function in the Hansen Satellite Theory. It con-

sists of adding the coefficient of the F argument to the coefficient of the E argument and
substituting zero for the F coefficient. Thus,

A cos (iF + jE + kW + IU) after barring becomes A cos (OF + (i + j) E + kW + 1U).

Example:

50000000 + 00, + 02534850 + 08 after barring becomes 50000000 + 00, + 00554850 + 08.

Scalar Multiplication

Scalar multiplication is the multiplication of the coefficient An of each term by

a constant.
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Coefficient Extraction

In the Hansen Satellite Theory it is sometimes necessary to use the coefficient

of some term of a Fourier series such as a sine 1F term, cosine 2E term, or the con-

stant term of a series. Let us assume it is necessary to use the constant term. If there c"
is a constant term in that series, it will be the multiplier of the cos (0), or in special o

form, that An word which multiplies 00505050 + 08. We successively compare each

argument term in the series with cos (0) and extract that An which multiplies the argu-
ment term cos (0). If no argument term of the series is cos (0), a normalized zero
(10000000 + 00 + 00000000 + 00 + 00505050 + 08), is printed.

Series Evaluation

The numerical values F, E, W, and U are only employed in the Series Evalua-

tion Routine.

To evaluate a Fourier series, the numerical values of i, j, k, and 1 are multi-

plied by the numerical values of F, E, W, and U, and the sum iF + jE + kW + lU is de-
termined. The sine or cosine of iF + jE + hW + 1U is multiplied by the coefficient A and

the terms are added.

CONCLUDING REMARKS

Appendix A is the special representation of a nine term series. Appendix B presents

flow charts and Appendix C a listing of instructions for the program packages for multi-

plication (including the collapser and arranger), addition or subtraction, differentiation,
integration, bar operation, scalar multiplication, coefficient extraction, and the evalua-

tion of the final series. Because this program was written in Mystic Code for the IBM

709, an explanation of Mystic Code is given in Appendix D.

The Fourier operating package can be used with any theory that involves representa-

tions of functions by Fourier series. It can also be modified to operate with polynomials

of the form xaybzcud
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Appendix A

00 Nine Term Series in Standard and Special Form
0

The following is a nine term series presented in standard and in special form. Note

that in the special form, the first location (address) contains the number of terms in the

series.

Series in standard representation

.29467121 cos (0)

+.00010496334 cos (OF + OE + 2W + OU)
+.00005252596 sin (OF + lE - 1W + OU)
+.000019845618 cos (OF + 1E - 2W + OU)
+.0000066329604 cos (OF + lE + 2W + OU)
+.0000020107054 cos (OF + 2E - 2W + OU)

-. 00000036004597 sin (OF + OE + 1W + OU)
-. 000000055052357 sin (OF + OE + 3W + OU)
-. 000000031090653 sin (Of + 1E + IW + OU)

Series in special representation

90000000 + 01

+29467127+00, +00505050+08

+10496334-03, +00505250+08

+52525962-04, -00514950+08

+19845618-04, +00514850+08

+66329604-05, +00515250+08

-20107054-05, +00524850+06

-36004597-06, -00505150+08

-55052357-07, -00505350+08
-31090653-07, -00515150+08
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Appendix B

Flow Charts

The following are the flow charts for the op-

erating packages for multiplication (including

the collapser and the arranger), addition or

subtraction, bar operation, differentiation, in-

tegration, and series evaluation.
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Flow Chart for Multiplication
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Flow Chart for Multiplication (Continued)
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Flow Chart for Multiplication (Continued)
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Flow Chart for Multiplication (Continued)
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Flow Chart for Multiplication (Continued)
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Flow Chart for Multiplication (Continued)
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Flow Chart for Addition or Subtraction
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Flaw Chart for Bar Operation
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Flow Chart for Differentiation
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Flow Chart for Integration
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Flow Chart for Series Evaluation
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00.

Appendix C

Listing of Instructions

The following is a listing of instructions for

multiplication (including the collapser and the
arranger), addition or subtraction, differentia-
tion, integration, bar operation, scalar multi-
plication, and coefficient extraction.

The square root instructions are for stand-

ard number representations and therefore have

not been discussed in the report.
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Appendix D

Mystic Code

The Fourier Operating Package described in

this report was written for the IBM 709 in Mys-
tic Code. The following is an explanation of the

Mystic Code.



49

110 a. - -

N

-D

:D u.U 0- -

< U L <<uU) V ) -LJ F

'0 Z 3 T r Z-4 aX J 0 CD =

V U- CD w I<<7 - 0 CD*I 0LJ - E
CE - -it3:EA 3-1 xD

I- I U 9> )L CD .DDI (D LJ X( Z;

(nw z2fc LO U) uDJ L -<Cfl z mLI- (
u :) - - xZ Z ct L9- XO .- - ECILL-e zD

I) LJQ - < IL) *CD> Z 0 -J(D U-)

D - M F- w 0~ I-Z <LL -. u E x I<u0

C3 LI V) CDLJLJ<- - ) -U ( d- x- LL <
<D I- ZU c ~ I O GI (x0 D) V)D x I_ D - L iF

:- 0 <0ux O 0 0Of< uI-(n O G LI 9-Ll U z-

L -i U.L Lu u- W ~ <1<9d- <ICJ) i *UX V) z x 00 _

CY m U- Z9- - J z f ti3 I3~J )< ZZ -- L
Z- .D cO LU )L OLJ 9- <)j I-J (iJ LU >CJ 1(F )

LIJ LL! LU J Z Z I L<d) </~L 0I _-3
z *-<T- 0Z U LLcoZ>- XI xLJ U-M (0E- OX LL 03 z

Z z 0 X~ <I-- LCDJU LU -IF- 0- z -w U

0 D- <J ZL <U- z- fi OfD---.LL(DL Ud 9L Z FCD -Z

0 X - < V - LC U) - -<9-I) <9--.U V)k V)zVD <U - -

G-9 0: XIZUU T- jU-U.J tiJ <II X® W. co G mF- -

(E) ZUC < U Ix -0 J D U) ) DI3) < 9 <i. I- Z L-

N~ U)WU -L) a-O GJ- u(I z u D Z G)U _j

CDLIe C 6 CDZ LU F- CD >-LJL -9U- LJ 0tJ w W - F- Z

0U LLJ.LUC-W 0 ED U - LIL)L)) @0J 4u F-- z --

+ z OA-I*LL3 LI WLU -Z'i LZ/)) WZ ZI F-U LL F

uC < -2 < F- e-ZO F-J -.N 0LU Z< z 9-U) Z L DU-4CZ
V-L U.- w L Z U) - Z ZCDLL - z.I < F- F- -

0 - 0 c0 -OLC ZZ1 3c < 3 <z- D > >- XN 43 ) 0 -
ZG OCDL9 -UJ z wU - (3 <- Z :)L z ) z --

CDL F- -J ZU (D G . fl N. W- mDI LU N XWIX--

< 0 u Iz 9x- z - Z~ N®J 0 (E 2 n - Z>- -

1:9- UDZ 4~ - 0. NLJ ( *D - - -- 0- 1:-CDx m

N'-' x m < 0.D 1 'UJ - F- -U 0 N " - GF- ZU (1) Uj

- D D m O LU e F- m-UU- D -U.U x> CO Z Uj U')

u - zJ u xw u0 - * F-OLL <-N X <. <z 0 F- /)U U

o 9MWU j C U-- wI F-i a.~l Qz w -Z) F-L 0-. w x <F- F-F-

o0 (ON m-3zoo xF-Cx Z 3 Z=3*ZacD Z> -c Z mOD MD -

w 3 L<C A F i w QJF - .U)- - ZU DL~ -- L UZ- wz

W -JW CD U--c I -~~L L O ZL

N~~ N9 NC ~ -F .Z - i. C- ZUZ-L

U. ~ .-- U< CN D * L)Z- ZCXDX~
ic x2 o. <-0O 3 LU F- LU ONx DU C - U

CD v4 u i 0 LU LI.



50

0
0
LIi

c

I- w
IL' U' -4 i 0 uU)Owi <i 0 zLii Z ( - -w.ED 0D +~ :D W- I) x x M: ) CI-Jo f)

v 1i 4i x~L wL Vi) *+Z ®-- ui
(D 0LO 0c <I- '-0 <+fl F Z LL U

Ul)~ZI LLW F- L/ C LJ0 j< LU 0QVu-u Z-F N~ -l c< ~ X1 LL ij MZ. U 3-0ni-
z ~ ~ ~ I 0>4 V i L- L) - 0 F ZU L LLD

>- I UZD " Z-0 NW u- U( EU . UUL*41 ) u 0M - -.D I-luzi 0 :c < w ~ ,- z Di) ZI - D0>-ZZ,0
0 _j u 0i -1-0 3< Ua< Z< F- LL J 4." ccIiI- 1

< i - - n) coLAWGUL W-4 LL LLJ- D r) W i W0c <I < C.
0 - - -0. f)IUD - X D 0. (-,--D-0w 0 0 O, w ia_-J D ZF-W < I-LU I-/)J / x 3 D03 < 0 1u r--.)-0.i. Z o>

C)D -u) )<ZmLLc t~ .41 z- -L L LL.-..4- 00u
I-W3Lw F L) D I- if Z QI+- o - LL) 00 0 (( LL. " m
XX >Cl0 ZL G i) " Z 33 LJ.C)W® 0-I-~ < f00w. 0O .LF- Z< 0 ( L -- W01- -4a 0 xl ce - ) < 000 U - 0.Uz

w (H M: u < F-1, z w . =< 12-I - L/) OW ZL XL 0,-4 <-CkW
F- LiL U 0 I-U® >--1 u - Z) U D )+- Z D Z 0 (D-.- D 0 X Z

30- f f zw C 0U o0 -3 Li G)/ (Dr WXJ 00LiXaCLI- M < - LiJX.4 x W,- il+Ze>c- U.-- NZi F~J~~ - - iZI/ -. uJ3 - UWOTU I- I- w I- ZE X i < I V)<ULJ0J D NZ w u 2 -w0 1 L- L LL 0O F-0 x - c L --- T3 NZ)zwD <W+ 4 01-WI--Z 0-01 > 0)- LU UV) Z 301- X * j L- i
3c 0 D Li < zI U- *3-Z F-U 0) .4-- M )V) CCNLJ um > ) 0 V z w o.-<- "o (f) 0G -z 4f ® .0 > **W

o1 zL z WLJw < + < 1D> >-4 u) < )/- V)~U U -Ld0( -C4 <() W(
oz -. WD Li [*/ >Dz 2 : Z- X - N >-> S 1 (LLJI Wc L-d. ZL~L mC W W -0x

;:30; 0 < 0>- 0: x>II)- I-el 0)/ a x + ('1400<x m <j
U ) mS u ) u Li (f) V')1 1 C -_-I- .14)0 <0 <I-XZ

z I UL x 3 + ( 3W--i z+1 * <0> <>()'. 4O -~ ZU -L O G N < *0 .
n D a 001 0 = in 3--- m>0-1 <WW~i QZ 0Z I-®<GID--41-L1w)I
LL-0 L-U cc, 0 WN-- 04+ .j U- W z 0 - ~ i o~ --s4.MG L

(D EU X2: ) U- 00 U4)4) 0L a. 1.-- 0 ti It

I - N

Li -

Clle



00. CL

0)0

LLJ

W L - 0 L 0 ) 10<W -
01 < il 0' 2: U- -i Li) 0

U')9L J~ mi UJ- Ui *. 0 ' .D..:F G .< - - ' - 41- -

F- 1:z U- *zW w 0 < < - hi < L D - z 0 - -F - O

(f) V) *I 9- X MY J 9- ZI ® U :< J-< 0 0-0 w (D U)®®®

U- LI W W Of) Z LLL W a 9-h 0 U 0 T< - n aN C 0 - i) u 0)

D- - W-J0J':0 0 F-W XW L WrJ-~h<~H L 0i-< ®-I Of > .< (L w < < < < < < L W0 C

_j L 9- CU~LiIZ i hdwZ)LI : v (F) < 1L 9 7- -z) w-----9~ LLW00 M00 0 0<z u

LO) LU - 0-.J tZ 0 <0Z CL u- O9w- 0 0. LL i-9LLL L hi kO V
>- hi *'(<hi LLL = Uil 0i-L)00.9 I 191-) M 00e2 I0C.<U 0'-.0

(D G - LJu L00- 00 Zi< hO f <iOl <Of W F- -c T a: M TZZI: < < z c

4Lf) '-J - hi < U)hiD z< W IC L - OfW U) : 3 - u D( ( 0-O0( . a

-i . ) -zV 1< - -j 0 ZX -9- -. 0L <>x .0(9Iihhl DU D<0 D )V
< - <M CO ~.Z-0 U F- F- < -C U - Cif (Z 9-- (D : '' < GZ00(DCD( ZN

< U, a:: -W JxU) 0 1- fiO. ZL- L 0hUI- ) YC f W x 9100. -

no-.U < -- ZLI) z *h>0 0L IL< 0( zf~ D D 0J 1100UL, -jw -MM F

0 - 0 QO M U h< W < 9-iJ)®.z4w 9LLLI O 0((((000U .1k

,f) w W hi.J - LL(1) Z Z0 >- 0 w z Z TF UUU UU U LLULL LL LL99- 1-400
< > 10 :< < 2: owe-ZOW -- mm MM) +1

< 0-< F- M - I)j U a0 D UL>- M -N m4' L tl'-z ZZZZ_ - .*Z
09-> hi *LL 

0 (
nI- i D®ZG-LI)9-o0(oL/a co. C13 co co 0< < <'< < <

o ZACY XW LLJ 0 1 U - - G -- 1 1 -- - - -J .0 0 hi
o UZ -F- -. j X ex( LU XlUhi <0>>-hiihUW LIJLUMC0C0®ClZ (F)
o D nh 0F ~0< < U- 0 l0 WU =0 X X Q.- Q. a ( a < < 9- -
r- m 9--LZ x hiezU u 0.J 0 ®<F- x - 0- << < <<<< -X X z 1
o hi~®.-'<® < hi LLJLO< IL .< :3n @9- - - ---- X Y -1

II -W DU 9- M U X W j ><.-U)-0(zi<<<< < << hihiG <

.aa~ a a a a . a a C

0I

NNNNNNNNN N NN N N 11 N

N



52

0
0

W LUGL

LU LU- "L L
- cx L u: 2: LL M.L

Lu + 0 D z -4 V) xl U- Vi) VI) VI) w x~

1.-0-1-XX2 "(ZUL 1+4.)-- C '-m1-U7
X )c0-LLLV) z z :D Lo 1UJ-1 0 o T ID LOT -

= o .00 u ZZ..< 2 "0L V) 0 1-j - -
0 ®>- I- LO z ZLU<X Lu 0 - () i-H< D 0 .-. W .G 0C

- H 0 < LO G w: < < - u < I-Z LL U 0 M 0DCu 0
I- z< 0 : LJ: - L9 -- QIX 1--- 0 < - F- 3Z z --ZZ 0M GU-1 2 U. -1S <<INj 0 ) LUL/) c~~

I- I-I T- 0>- LUL L ). * z 1- Lu 1- uj (L *0..LU< LULJ- j ) LL
> zH .1 : 0ZJ LU CCi 00 LL Z )-0 0. -0UJ
< <LL. Z * - -jI < 0 LD)< ... iJ Of 0 - F- D WZ W~D W 0

) ZI < O- .. z cI <-LG - 0 j0 M- M _
U IUO®L <CLu Z 091)-2: - zM LU"0UZ) 1- "LLJ
w < V C3UU~V -- ?)V IXX3LU LL z z)LU o-IXI
sLjJ Lj l Zu )- ) 39- >uL - 001 -~ V) 0.-x-O

.. .0 Z U OZ LL LUL *®Z-I)) - r G 0N . --
-L JL)U0) zU <<IL UL WI-Z-0I-- LI)"

NIX D -) Z - 0UDL- -- = " 0. .1JQm.L0 <Z LO

>! LL C (< F- (E -'._i < < l'-9-LUV) <- .*l- 1 0

>- *! *L E* * *- 1- 0~J a.- ILJ - U I,--L H<L)<D *LU
LI)-) N--> )J LUJ )~ 0 < z r-4 CO I * )0- ofLUJ I-- a i 0. oU)

L0 xI0 wxIIXIw LU)- Il 0)I z4 0LU -. U < Q -X CL-< w 0>- z
<i < << < << I- u- S1 wL -I Of 0LL :c 0- ( e®-Co-. LJuU<
ZZZZZZZ e*> *Z L) LLIX)- a-L U- uLU.uu~e >- M 3<
-0" 1-- Ix < LUL /I VI)J ) O ) - j z V) LUF- LU -

co :n 0 norocl LO Ccz Dz - OLiU Z Z ML 4 < " W< > I<
Fz -i 1 - < u U0 c :: D + 0ImHLLwJ.1uUl

m 4 n 10 - >U F- F- s z r ZILL G 00D D )Y<X Z -<I® -
mmm mmmcf -0 -u ) < -- Z LUJU * J .J J- co® OD0 H -> Lu LL-IW

o z 0 LUI - z =I 3 0 ®®)<4< x - Z -(D)<LUUJ
o G)LLUUL UJLU .® (j - .1 - s.J 1-WO w mU < U 0 U/)U-uZ --- .41a
o .U0-. aCLm . a. 0 x (DL< I-~(-W < U (DC. -4 2: *Z L .L 1 0 0 C --
t- < < <<< Z0 CL zZ hJ z Z (i*o2 < . --- 49"N - OfXIX9- - LLzIXLu®
o -LU 1-- -- 9-- < < " ~-LL3 GLu 00 D *L -LLL.G@ W LUX LULU3®<@I

aI o n 7 L ILU *L>J < 0 c. zflI *- HNOI u <. 0
ll Z 0 0e e s 0 0 0 u l i < L U L U cO0 - Z . 1 1 qL D J > *" z - 0 .4Lw ::

(0 z ®- E® c U " LL 30 - 1<J UZ Z WCi Ya Q.m V 0 0 L

-0c l c 0 0. Lu UL L 0 (- 1-H1u> !:
<m O UL L 1-;- 0 LL< 1- CL L *<IIiD

-J :r0 l'-LU(D X LJ MU) -< < -q
111 I 11 1 it Ii Z) U 0 () UJ .- COa) Q x LllI

LL

N N

x x x a.



Ln

LU

V)) uI z z
Lu ' Lu ILu 3: < .0-- Z (D -

(X Uz Z D LU- . -C u Lu . .. . L
L- LLLLJ W < <L w (Z Hj fl a 1- o>-Hf- ODC DDC D 0 + LU

LL; LDU LL D lco IUf)I L.) u 0* -. - 4 -4,-4 r--4 - - X IL>- x T-
o 1< 0' ( HCD H'J)DI- -<>- I.-HHH ,-H < I- D~ "H

G) HC- Ck w0 LL 0L UC< LU F-< x u c = z < >x
u U i 0WCD S I G moz L- U 0 00 G) GD G G (DCC D Luj O Z (D

VI) UJ CD LLH H I-G)1- ) z 0i 11 0 Z Ld- F HH -H W H. LU - 2:H
Z L Z LtuJILn UH LuV) F- - W (D LuN xDH I- 4_ < Co m CD
< 0 j -0 < ~z Z : :r I-L w 0 < 0 < < r- - - - l-i4 "4- - M: a

H Lu x >Z Z < Z < a F-HH U O -z u "Z - HI-H-H- L (I D U
'-5' I - LL 0 - ~ H < 0< H-' 0a1 nCL D z

WLL W W a0 0 n0<-4D -1 < LoZo"- 0000000LL X, We
C)0 F n Y 0 LL WL L0 + D~a 2: wz < x U) ZZZZZZZO 0. LuLJ) HO
-jzc x/)0 u X LuiJ W) H--w l ~>- a-Ld << << < << 0- :r0 I
LUJOWO )u<<z®Lu LLXLEI)x ) C D0 CL0 c < H-x ~LU
- Z 0-2:Ld U0uHWHFI0-CZD0W VZ LL 00< x< OD0 co 00CC) D 0 z <3
IL. < > L)H C L 0Z " W <40 E . 4-4- - 4- -4 W LLi @0 k

W4Itz 0 H -- ' <0L w L: w .u O.W C. ILL -LL - LL L m
4 I -0@0 0 - OfF-*0CHO.Z F VL) W LJIM< Z H C

Z a Lu ) z UJ LL a -. (D z <4 < < XXF-F mHH =X a <10-1F-
< wa U I- w & w 0 x 3 " I ) 000000 0 D
4J *LJ - W -Hu= I< >~ C DHZ * 0DD ::)D . *Z -

Lu)F< ) HO - I U') < ~lyWLUXW WMQw -c mD3 U- >>
H'aC-W LL 10. (L LL Ha - -< F (L .H> mImI=III=MM< H Of Z
1) I. G) (D If U DLL ) JLuZ Z C HH HHZI G)F - -F -F CF w z < <
X - Z LuJ wIQc C - .L - CO * z- ZZ

0 0 )'- 0 M - 0 M F-WHOf cH< 00 00 00 0 -1- -4-4-44-44DLLUCD -4
LL)z z c >-ZW z DIm - -z O. u u u u Q ULLL -LL LL ILL LHHH1- +0 mDCm

ZDWOC--DCDOCD-u - ZCDCDDCDCCDC < XwL
0 1-- nH J CL H 0IU 7H LLuC - D a' - ZV N eV ) .- -I'N

M V- _ U40>- af : L LuL>- w Dz - -4 N m 4 Ul% 10 r--z zz z z z-0-- X<LL- coC
H- :D G ZH-)H~u @4() 0 WHF-HCD)CDMMMCDCDC<<<<«< cD

O 07- -'<U CDH- W VI) 4J< -j-. -1 1 iJ44.10 Cl 0 X:0 u
o WL Li. X0UW <Q>>-ZU IZWJLLUWUJLLUCMDCCDCCDCZ0Z (E)W i.0..
0 0 < <L 00CD0 <MHT X - - - Z< - . CaC 0 C <Q0-< wO C «<
r- z ()-. 04 ) D HLnF-HC)DH C0 -1<< << < << .* ." 1<Z ILL) HHF F
o) < ILj LO J< LL0 *D A: * co O. HH H H F-F -tI-F -7 -

X W C. X- Z U Wu-.Elf) 0j) *<Lu> - - - --.- - S WCD Ill) OWW
x m>-WLE ZI <HW LJ H ILJ W uiJLU w w It 11111 1111It01mu0 001HH- F
0 1- HHCD :D4 LuUI11I V L) Z H HH H H H - - - -F -F - Z of c - -
uI U _ QCr-4 > Z-W - XZ W - ( L-- --- - --- -- - Lu Lu D 0 0 r

< <CmDu0 W LL L.o< m u0 w L) 0 < < cD
0. HHHH- HHHHHHHH I- - I F H -4 0 HH

If Iii If 11 111 I I I 1 44f1f f11 It If eg

IL Lu

N~

>-



54

10
0

Li

Li-

- ul

Li~- ZI Io- 0

-4- z Of a.:
mL (D Ui -i~-i 0 < 0

>! 0~) W®c 0: u- 4 i -0 JW

- UQ<U V i :D JZ4M z 0) uZ w- LiI L
U-- =L.. . 0 - U-J I) U41 GoJLJ xi-. W w0)<(D

u) ow-L V)LiL COckow U)> Q) xL 0)4/)Q)m 00) u-f x0 i
u- COl. Li I.14 iCj 0) WI. z-- < Ux Z O~ LL i)

V) LUJ -- W t -- <i c -) LL: aJ > 0 0 W. J<

Do 0(.u Z - - - 0- -- IJonz "-4 U) WE X V)
ZL/w LUJ~)4o WI- z -- 0)-WLIJ0) -J . L>X<X 7 -

WkljLn -XD LWU .. ) (D z -QfLi -- 4- -0 ix LU (D
0 x X EuiD0 :3 "J t- - Z l- D0 :3Z CL. zu >
n W :Z (D -w~ 1-.1 <ZM U<0)- < Li-LoU
< usun04 uW- Li o3. Ilm-I--E w~ .- W >-

V)<.- ztIfLi<v) x G) zu zKaU)<"x N >-
I- U - *wz <Li0 X 0 LW Oa-

<.* EO..'- >-OX LL Q -u D~Z W 0-

>-)>>- ! 0.I0 )II co wm<r4 -<LEo. CD~- 0
w w 0 wOf G)Oza,-u U)0)Li I- W-U- xzI- >U)OEm- s
4< < < < - << x < D 0 m x V UL - w1 0)D

ZEZZE Mu W0L~ EI 0'. Lii u MlLuL40 ) iUU
m 2)0 mwmm z Of < >0 ') (D Of -r 4 -a. 1

SWUiLJU) <Z->- .4 < Ix4I-I-L D L

0)0)0N00) r- >Li0-. z LoCa ml- -- Li 00 0. G0LL1-. W _j /)

Li f (D 01 * Z m~ u. <m~ ZU m nzx> 0

o MMCoOMM cow. cow uOO en - Me U0)4 "my - ZWtD <
o << < << <-Z <XLU 4Li< OZ W *-I L. - M D E X:mz X
t- 1---- ZL--O <ZO(Dum: c0 T L-z 0 F- 0 < - 0 I- I-- "
o Wi- Li>-UJ0 WLJ Eu < *N0)D-Z *: 0 u Z 4i )

Li i i li i O)V) 4i Lil-W0) < X 0 . 4J<MM..WU - o- u
I-I-I noI- 00)mzm 2'IO. w~ x Z40o xw*4-<Co 0)0)ZO

ZXZ<I L*.J-s 2 xI (D < a0)r- 0 :3 :)JN 0 0.a) X 0
w w wi < <=I-O)4 0Uov CDI M- U *Li0 )0030O 3 G~ * 0

v :33 333 XM u -Cc. 0 a N 2: .1 -0. u 4 < UJ4.0I-0Ll Z
mW0) z <E0)Z< wi I-- x (D ul Li-4 D _ U)< Li

*;, * 0 f- Z 0- -W- Zi0 I- < wIL u u vou-0.1 IIr- mC 0. - -1 0- V)
0)))00 01 Li j XW.- U3 < <1 m 4i - - T -- z < 0.

uO iwU- ) co10 I- V) 2: <4 -j w iL0 w U- D)X 0 >- Li40.- >
--II-- I-- C30)<1l-Li<U)00 410. -1- 1-0QuwwI- 4i 00)x

U0 >I--Z. 04 a. w In >- I-CD U<Z0) LZ 440i -10nU
10 a N Li *0/W OU) 01- 0 wc Wi 0- .- ~.niD~ 0 <LIU- C a0
N N N N Id W I.-Li-.i m 0d > m

Li)

NY 0 > 3



5

0 U n

0

Lii <
n a

UU

7-

D

L

oz

LU.Q

<I~f~

NASA-Langley, 1901 D- 1078



0 1) 0' )

*Z Z 4 L- In

oz 0-.o

0 - z
0 -, ES

o 2L

* o0 toa (M 00 *Id
0, 00

co~rI biZ -d' '1 00 -4 J'l

~ A

o. 8 da 00 Cd Q L

Octo CLv

.4 bl k 0

4 ZZ bD 44Z b);

~0 0

aC ) ~ .'d a) v L ).

)..00 0 o 0)

m 00) U C'sU)E c

m P, 0 zu~

o 0 o0

c..C U) ' 0 )0 0 n0z a

0 0 A

-i~z ;> . -

El vs a) CIa )

C) 0

oo U) cd - 5 C

C) 020 0 0 1-.

z 0-

E, m I 0'
'4o~oJ V,

0 
U 'C )cC

as bbC'l L? C Ic0
CL~

UzZ U, .d U)m.m.L)Z o0 mC


